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Abstract

It has been observed recently that the finite duration of refocusing rf pulses in a multiecho acquisition of the signal formed under the
influence of the dipolar field leads to significant signal attenuation [S. Kennedy, Z. Chen, C.K. Wong, E.-W.-C. Kwok, J. Zhong, Inves-
tigation of multiple-echo spin-echo signal acquisition under distant dipole-dipole interactions, Proc. Int. Soc. Magn. Reson. Med. 13
(2005) 2288]. Hereto, we quantify the phenomenon by evaluating analytically the influences of both the distant dipolar field (DDF)
and transverse relaxation 7, on the magnetization in a multiecho pulse sequence based on correlation spectroscopy revamped by asym-
metric z-gradient echo detection (CRAZED). Analytic expressions for the magnetization were obtained, which demonstrate explicitly the
origin of rephased signal in the presence of the finite © pulses in the multiecho train. The expressions also explain the effects of the DDF
and T, during the refocusing pulses on the signal strength, and show the substantial signal dependence on the phase of the rf pulses. We
show that when the DDF effect during the pulse is canceled, the signal rises primarily during the free evolution time in the acquisition
period. This elucidates the signal attenuation when the rf pulses cover a significant proportion of time in the sequence. In addition, we
performed an optimization on the number of refocusing pulses that maximizes the total acquired signal using parameters for water, brain
white matter, and muscle. We found that maximal signal-to-noise ratio is obtained when the pulse duration approximately equals the free
evolution time in the samples with a wide range of 75.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction

It was noted in the early days of nuclear magnetic reso-
nance (NMR) that when a constant linear gradient field
was applied in a pulse sequence with two rf pulses applied
at times 0 and t [1], unexpected multiple echoes were
observed at times 27, 37,47, ... [2], instead of having a sin-
gle echo at time 2t as predicted by the early study. This
phenomenon was later found to be the effect of a distant
dipolar field (DDF) [3], or in an equivalent term, intermo-

* Corresponding author. Fax: +1 585 273 4518.
E-mail address: jianhui.zhong@rochester.edu (J. Zhong).

1090-7807/$ - see front matter © 2007 Elsevier Inc. All rights reserved.
doi:10.1016/j.jmr.2006.12.017

lecular multiple-quantum coherence (iIMQC) [4-6], in the
sample.

The distant dipolar field, also historically called the
demagnetization field, is the spin—spin interaction between
different molecules in a sample. Before gradients were com-
monly used in NMR pulse sequences, distant dipolar field
effects were not observed mainly because of low static field
strength B, and poor field homogeneity. In liquid, the mag-
nitude of the DDF signal is only about 1% of the full mag-
netization at 60 MHz, and is proportional to the field
strength. With present field strengths and excellent field
homogeneity, the DDF signal becomes observable when
a pair of asymmetric pulsed field gradient is applied to sup-
press the conventional signal.
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Over the past decade, however, there has been an increas-
ing interest in studying the signal formed under the influence
of the distant dipolar field. The most extensively used pulse
sequence is the so-called correlation spectroscopy revamped
by asymmetric z-gradients echo detection (CRAZED)
sequence [4], as shown in Fig. 1. The signal produced by the
sequence exhibits interesting relaxation, diffusion, and struc-
tural properties [7-17], and provides contrast for magnetic
resonance imaging (MRI) that is fundamentally different
from that by conventional techniques [18-24]. Nevertheless,
applications of such signal have been severely limited by its
small amplitude in most tissues primarily due to transverse
relaxation, despite the fact that some improvement can be
obtained, for example, with simultaneous acquisition of
multiple orders of quantum coherence [25,26]. The signal
intensity is generally only a fraction of the full magnetization
(typically a few percent at B, = 9.4 T). It is noted however,
unlike the conventional signal which drops monotonically
due to 7T, decay, the signal formed under the distant dipolar
field rises initially as rexp(—¢/T>) [27]. Therefore, multiecho
acquisitions such as in echo-planar or fast spin-echo imaging
during the rising period of the signal may have the potential
to substantially increase efficiency in data acquisition and
compensate to some degree for its intrinsic low signal
magnitude. Another reason that the sequence with multi
spin-echo is analyzed is because the sequence also has the
potential to eliminate macroscopic susceptibility artifacts.

In this paper, we analyze the signal formed in the pulse
sequence as shown in Fig. 1. The pulse sequence is composed
of a CRAZED sequence, which is used to prepare the iIMQC
signal, and a multiple spin-echo sequence that consists of a
series of refocusing rt pulses with finite pulse width. In partic-
ular, we focus on the scenario where the area of the second
gradient field is twice of that of the first (|G»d,| = —2|G4|),
so that the second-order echo or the intermolecular double-
quantum coherence (iDQC) signal is selected.

Various aspects of effective implementation of multiecho
acquisitions in the presence of distant dipolar fields are dis-
cussed by Kennedy et al. [28]. Experiments were performed
to investigate the influence of closely spaced m pulses on the
iDQC signal formation and the implications for practical
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Fig. 1. The pulse sequence considered in this paper. It is composed of two
parts: the CRAZED sequence (|G,0,| = —2|G10|) that prepares the dipolar
field signal, and the multiple spin-echo sequence consisting of a series of 7
pulses that refocus the signal. In the figure, J is the pulse duration of the
refocusing pulses, 7 is the free evolution time between the refocusing
pulses, and 7 + ¢ is the pulse separation.

multiecho acquisitions. It was found that as the ratio of
the pulse duration over the pulse separation increases, the
formation of the iDQC signal is attenuated. This paper pro-
vides the theoretical explanations to the experimental obser-
vations and studies in detail the influence of the closely
spaced refocusing m pulses on the iDQC signal formation.

The dipolar field and transverse relaxation are taken
into consideration in the Bloch equation throughout our
analysis. Magnetization during a single rf pulse is first
solved to the first order of the dipolar field in Section 2.
The evolution of magnetization between the © pulses and
the initial magnetization of the multiple spin-echo sequence
are then discussed in Section 3. The magnetization during
the multiple spin-echo sequence is calculated by repeatedly
applying these results. The features of the transverse mag-
netization under the influences of the dipolar field and the
transverse relaxation for the first few pulses in the multiple
spin-echo sequence are discussed in detail in Section 4. The
expressions for the magnetization for arbitrary number of
pulses in the multiple spin-echo pulse sequence are
obtained for the long 7’ limit in Section 5. We will see from
the analysis that because of the finiteness of the m pulses,
the magnetization is rephased due to the dipolar field not
only during the CRAZED sequence, but also during the
multiple spin-echo sequence. Moreover, we will see the rea-
son why the iDQC signal rises less when it undergoes short-
er free evolution time, and will study the signal dependence
on the phase of the rf pulses. The comparison between the
calculations and the experiment is given in Section 6. Final-
ly, in Section 7, we will estimate the optimal number of &
pulses for achieving maximal total acquired signal using
parameters for water, brain white matter, and muscle.
Selection of these parameters covers a large range of typical
transverse relaxation times in tissues.

It is remarked that we have adopted an analytical
approach to tackle the problem. It has the great advantage
that the equations immediately show which parameter has
a large effect, and suggest the origins of the observed sig-
nals. To make an analytical approach possible, we have
to make first-order approximations so that the calculations
are tractable. The dipolar field is a small effect in most bio-
logical tissues. As will be shown in the following sections,
the relative magnitude of the DDF is in the order of 0.1
or less in comparison to the rf pulses. The first-order
approximations used in this work are analyzed using typi-
cal experimental parameters, and are justified with a good
agreement between the theory and the experiment. This is
in contrast to numerical methods from the start, such as
that in [29,30], in which rf irradiation, radiation damping,
molecular diffusion, relaxation, and dipolar field can be
taken into account “exactly” but leaving all physical mech-
anisms subtle.

2. Magnetization during a finite rf pulse

We first consider the effect of finite duration of an rf
pulse on the magnetization evolution. In the laboratory



C.K. Wong et al. | Journal of Magnetic Resonance 185 (2007) 247-258 249

frame, a linearly polarized rf pulse along the direction
é4 = cos ¢x + sin ¢y in the transverse plane can generally
be written as By (7, 1) = 2C(7, 1) cOs wit[cos ¢k + sin ¢,
where w, is the frequency of the rf pulse. The pulse enve-
lope function C(7,¢) is assumed to be a constant in this
paper (“hard” pulse assumption), i.e., C(7,¢) = C during
the pulse. In the rotating frame of frequency w,, the rf
pulse can be approximated as By(7, ) ~ C(cos pi+
sin ¢p) [31]. The evolution of the magnetization M for a
spin-% system during the rf pulse is governed by the Bloch
equation, which in the rotating frame of resonance fre-
quency is given by

5t — it x (B + Bo) — 2 (Mo + M, ), (1)
dt T, ’
where y is the gyromagnetic ratio, 75 is the transverse relax-
ation time, and By is the dipolar field. Note that diffusion is
not considered in Eq. (1) explicitly. For water and typical
tissues studied in this work, the diffusion coefficient D is
around 2.3 x 107" m*s~' at biological temperature, so the
spin molecules diffuse by a distance of +2DT ~ 7 um in
the CRAZED sequence of time scale 7'~ 10 ms. A gradient
field with field strength 22 mT/m and duration 2 ms results
in a correlation length of about 85 pum. Therefore, diffusion
can be ignored in the CRAZED part of the pulse sequence
in Fig. 1. In the multiple spin-echo part, diffusion is taken
into account only through the shortened effective 7, for
simplicity. Even though the effects of diffusion on iMQC
signals differ for different orders of iMQC during its evolu-
tion, during the detection period when only detectable con-
ventional single-quantum signal needs to be considered, the
above approximation should apply to this detectable sig-
nal. Since the longitudinal relaxation time 7 is much long-
er than the time period we are focusing on, its effect on the
magnetization evolution is also ignored.

For uniform magnetization or magnetization modulated
by a gradient along a particular direction, the dipolar field
By is given by a simple form [3,27]:

—

By = %AB(M -2)z — ). 2)

Here pyg is the permeability in vacuum and 4 is a constant
depending on the form of the magnetization. In this paper,
the pulse field gradients are assumed to be substantially
stronger than the intrinsic inhomogeneity of the sample.
The local magnetic field variations can then be ignored.
This assumption is also valid when sample of water was
used in the experiment. Since the magnetization during
the multiple spin-echo sequence has a functional form
M(F) = F(G - 7) where G is a constant vector in the direc-
tion of the gradient field, we have 4 = —[3(G - 2)* — 1]/2.

With the dipolar field expressed in the form (2), Eq. (1)
can be rewritten as:

d . i 1 .
&Mi(t) F 1?C€il¢Mz([) +7Mi(t) = :FlA’/,UOMZ(t)Mi(t)
2

(3a)

and
%Mz(t) - %yC[e‘i¢M+(t) —e'M_(1)] =0, (3b)

where M, = M, £ iM,,. It should be noted that the magne-
tization in Eq. (3) contains the spatial dependence G - 7.
Since such spatial dependence does not affect the time evo-
lution of magnetization in Eq. (3), it is not written explicitly
for simplicity. The dipole coupling factor yugM. on the
right-hand side of Eq. (3) causes a rotation on M(z). The
magnitude of this factor is approximately yuoM,, where
M, is the equilibrium magnetization. If the dipolar field ef-
fect in Eq. (3) is ignored, the equation can be exactly solved.
When the dipolar field effect is taken into account, M () can
be iterated into a series of all orders of dipolar field. The
terms that underwent n dipolar field interactions have the
amplitude approximately proportional to g", where

g = AypgMoyd (4)

and ¢ is the pulse duration. To the first order of the dipolar
field, i.e., first order of g, the truncation error in M(¢) is of
order g°. It increases with the pulse duration, or the inverse
of the pulse strength. However, even when 6 goes up to
10 ms at By=9.4T, the truncation error is only about
1%. At lower static field, é can be even longer without caus-
ing severe error truncation. Therefore, solving Eq. (3) with
a linear dipolar field approximation is valid in the time
scales of typical MRI experiments. To first order of the
dipolar field, the magnetization reads as

Mo(t) =~ MO () + M (&) and

ML (1) = MO (1) + MY 1), 5)
where M© and M are, respectively, the zeroth- and first-
order solutions of the magnetization.

We begin by considering the limit where we can ignore
the DDF, Eq. (3) gives

SMO 0 = ey 0 - w0 (6a)
and

d yCr i

MO0 =T [e oM (1) — e¢M(f’)(t)]. (6b)

Note that if the rf pulse duration is much shorter than 75, so
that the transverse relaxation can be ignored, Eq. (6) gives
the magnetization after the rf pulse as (M, M, M_)fer =
R(Q: ¢) (an Mya Mz)befores where

R(0,¢)

20 229 220 . . .
cos”5+sin” 5c0s2¢ sin” 3sin2¢ —sinfsin ¢
20
2

—sinfcos¢

— 220 . 229 .
sin” 3sin2¢ cos*5—sin” 5¢0s2¢ sinfcos¢

sinfsin¢ cosf

(7)
In this case, the rf pulse rotates the magnetization by an an-
gle 0 =7yCt about the direction ey = cos ¢x + sin ¢p. If
0 = m, the magnetization after the rf pulse reduces to
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Mz = _Mz before and Mj: = eizi(ﬁMq: before - (8)

Egs. (6a) and (6b) can be combined into two second-order
linear differential equations in M (¢), which can be solved
with diagonalization transformation. With the initial val-
ues of the magnetization just before the rf pulse taken as
MY (0) = M., and MY (0) = M., the zeroth-order trans-
verse magnetization becomes

MO (1) = 1 ()M 1o + (1) XM 1o + c3(r) 659 M . (9)

The zeroth-order longitudinal magnetization can be found
by solving (6b) with the substitution of (9):

MO (1) = 632( )[ TOM Lo — €M ] + co(t) M. (10)

The coefficients in (9) and (10) are

1 aot aot
=_eTle ™M h "~ sinh 2" 11
210 5e {e 2 + cos 2T2 ao ZTJ (I11a)
1 o[ - aot
— _e I, 5 _ _ —
(1) 3¢ [e cosh — 2T2 + hZTj (11b)
2i
a(t) = —yCTze 5 s1nh (11¢)
Ty’
_ e ot | 1 inh 2o
cu(t)=¢e {cosh 2T, + ao h2Tj (11d)

where ag = 4/1 — (ZVCTz)z. In most situations, 2yCT> > 1.

Substituting yCo = = for a © pulse of duration ¢ and ignor-
ing the second-order terms O(Ti)2 in ap, we get
ag ~ 2iyCT,. Then to the first order of 6/T>, Eq. (11) at
the end of the = pulse becomes

0 30
C]((s) ~ —4—T27 62(5) ~ 1 —4—7_'2, C3(5) ~ 07 and
0

We can see from Egs. (9) and (10) that there is a mutual
exchange in M. and M. with the same time varying ampli-
tude c3(7) during the pulse. To the first order of /7>,
¢3(0) =~ 0. This means that the exchange between M, and
M. vanishes at the end of the m pulse. The coefficient
() associates with a flipping from M, to M, and ¢ ,(¢)
associates with the residual amplitude in M. The coeffi-
cient c4(f) associates with a flipping from M, to —M.. It
should be noted that for sample with large 7, like water,
¢1(8) ~ (8/T»)cx(6), and is much smaller than c,(9).

When there is no T, relaxation during the pulse, M, is
flipped into M+ and M. into —M.. In this case,
01(5) = C3(5) = O, 6‘2(5) = l, and C4(5) = — 1. When T2
relaxation is considered, according to the Bloch equations
dM /dt = yM x B — (M, + M,)/T, the effective precession
frequency in the presence of refocusing pulses is decreased
in the presence of 7’ relaxation. Consequently, M and M.
do not completely flip into M+ and —M., and transverse
relaxation causes the incomplete flipping of M, and M.
as shown in (9) and (10).

According to Eq. (3), the magnetization to the first-or-
der dipolar field effect during the refocusing pulse in the
multiple spin-echo sequence is given by

d o _ u (s

M0 = il“/Ce”Mﬁl)(f)¥1A7qu£°>(t>Mi’>(t)—iT—z()
(13a)

and

SMOW0 =3¢ e M) - o). (13b)

Similar to the zeroth-order equations, Eqs. (13a) and (13b)
can be combined into two second-order linear differential
equations in M Q)(t), which can be solved with diagonaliza-
tion transformation. Here the initial values of the per-
turbed magnetization just before the rf pulse is zero, i.e.
M (0) =0 and M (0) = 0. We have then

MP(1) = A"/,uoTz{id ()M oM o + ds (1) € MM 5
+ds(1) VML + dy(1) e M2,
+d5(0)e M oM g+ do()e M3 | (14)

)(t) into Eq. (13b), we get

MO () = Ay T2{ ds (1)

+ dg(l) [672i¢M10 -

Substituting M $
M [€7i¢M Lo +elM 70}
e2iopg? O] } (15)

The coefficients d; with i = 1-8 are given in Appendlx A.

Again, ignoring the second-order terms O(:% ) Eq. (A.1)
at t = 0 becomes

id
dl(é) ~ dz(é) ~ 2dg(5) Z T and

The rf pulse causes an exchange between the transverse and
longitudinal magnetization under the transverse relaxation.
At each moment during the pulse, the longitudinal compo-
nent of the magnetization affects the evolution of the trans-
verse component through the dipole interaction. The first-
order transverse magnetization in (14) indicates dipolar
field interaction of two different origins. The first origin
comes from the direct interaction between M., and M.
During the pulse, M., evolves under the influence of M.
through the dipolar field interaction. The direct interaction
between M., and M. in (14) is indicated by the terms with
dy(t) and d(¢). The second origin comes from the self inter-
actions of M.y and M. In this case, part of M, rotates
into the transverse plane and this component evolves under
the influence of its remaining amplitude in the longitudinal
direction through the dipolar field interaction. In the same
way, part of M, rotates into the longitudinal direction
which affects the evolution of its remaining amplitude on
the transverse plane through the dipolar field interaction.
The self interactions of M., and M. in (14) are identified
by the terms with d(¢), dy(t), ds(t), and dg(¢). On the other
hand, the dipolar field does not directly interact with M,
but its effect comes to M. from M. through the rotation
by the rf pulse (see Eq. (13b)). Therefore, in Eq. (15), we
can interpret d,(¢) as the direct interaction and dg(¢) as
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the self interaction for M. Note also that MV has no
dependence on MM _y and Mfo because they are canceled
in Eq. (13b).

In summary, the zeroth-order solutions and first-order
solutions are given by Egs. (9)—(11) and (14), (15), (A.1),
respectively. It can be seen from the solutions that the lon-
gitudinal and transverse magnetizations are mixed with
each other after passing through the rf pulse. This mixing
is introduced by both the transverse relaxation (c,(¢)) and
the dipolar field effect (d{¢)). If the dipolar field effect is
excluded by setting d(¢) = 0 for all i and the relaxation time
T, is set to be infinite during the pulse, there will be no
mixing between the longitudinal and transverse magnetiza-
tions after passing through the « pulse just as described in

Eq. (8).
3. Dipolar field signal in a multiple spin-echo sequence
The Bloch equation describing the magnetization

between the refocusing m pulses in the rotating frame is
given by

dM.(t) _

T =0

and

de it(f) = Fidpu M. ()M (1) - T%MN)- (17)

Then the magnetization between two © pulses reads as

Mz(t) - Mz(tO)
and

Mi (t) = Mi (t()) ef% e:FiATHOM:(’O)(Z*t(Q , ( 1 8)

where 7, is the time right after the previous m pulse.

The magnetization throughout a multiple spin-echo
sequence is then calculated by repeatedly applying Eq. (5)
for the time during the m pulses and Eq. (18) for the free
evolution outside the m pulses. The initial condition of
the magnetization at the beginning of the multiple spin-
echo train is given by the magnetization at the end of the
CRAZED sequence, i.e., M(t, + 1,). Without loss of gener-
ality, the phase of the second rf pulse of the CRAZED
sequence (¢») is chosen as the reference phase of the other
pulses and is taken as ¢, = 0. Also the flip angle of the first
f pulse (0;) is taken to be 90° in order to maximize the
iDQC signal. Then the longitudinal and transverse magne-
tizations at the end of the CRAZED sequence are given by
[27,32]:

M. (1) +12) = —M, sin 0, ¢ T cos o, (19a)
. _ntn
Mi(‘Cl + Tz) = :FIM()G [P
N T
x e | e cos? = — e sin® 2|, (19b)

2 2

where 0, is the flip angle of the second rf pulse. The param-
eters o and f are, respectively, the total phases acquired in

the first and the second evolution periods (t,7,) of the
CRAZED sequence, which are given by

a= ¢, — G, - 7o,

and

B =G, - 75, + AypgM.(t] ). (20)
Here ¢, is the phase of the first rf pulse, and

M.(t]) = M.(11 + 12).
4. Magnetization evolution for the first few refocusing pulses

To obtain iDQC signal, the area of the second gradient
pulse in the CRAZED sequence is taken to be twice of the
first gradient, i.e., G,d, = —2G, ;. In this paper, signals for
water, muscle, and brain white matter are calculated with
the transverse relaxation 7> and the proton number density
ny summarized in Table 1. Since the transverse relaxations
of the muscle and the white matter are of about the same
order of magnitude when compared with the considered
evolution time, discussion in the following will only use
water and muscle as examples. The signal for the white
matter will be discussed in detail in the last section of this
paper, when differences of other characteristics of these tis-
sues are considered.

As discussed in Section 2, the rf pulse causes an
exchange between the transverse and longitudinal magneti-
zation under the influence of transverse relaxation. The
terms with both balanced phase, i.e., exp[ip(y@l - 701)] with
p=0, and wunbalanced spatially dependent phase
(p ==£1,12,...) of M. introduced by the pair of gradient
fields in the CRAZED sequence enter into M., and vice
versa, during the © pulses. However, the part of magnetiza-
tion with the unbalanced phase is spatially averaged out
when the signal from the whole sample is summed, so only
the part with the balanced phase is observable.

In Fig. 2 we show the normalized spatially averaged
transverse magnetization (|M|/M,), based on the repeated
applications of Egs. (5) and (18) and the parameters listed
in Table 1, for the first five refocusing pulses for water and
muscle with the phase of the pulses ¢ taken as zero. Note
that the magnetization during the rf pulses are shown
explicitly in the shaded regions. The parameter r in the
plots is the ratio of the pulse duration to the pulse separa-
tion given by

0
. 21
—, (1)
Table 1
Parameters used at By =9.4 T for the calculations of this paper
Sample T> (ms) ny (of H,O)
Doped water 400 0.9
White matter 40 0.7
Muscle 21 0.8

The 7, of doped water is measured from the experiment in this paper, and
the T, of muscle is measured experimentally in Ref. [33].
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Fig. 2. The calculated magnitude of the transverse magnetization that is
spatially averaged and normalized to M, against time for (a) water
(7> =400 ms) and (b) muscle (7> =21 ms) from Egs. (5) and (18). The
shades in the figure denote the time periods when the refocusing © pulses
are applied. The solid lines show the evolution of |My| with both the
transverse relaxation and the dipolar field effect taken into account during
the rf pulse, and the dotted lines show the evolution of |M,| with the
dipolar field effect considered only during the free evolution period. We
also calculate the approximations of magnetizations by ignoring the
interactions with nonlinear T‘—)Z dependence (Section 5). The approximated
results are shown in dashed lines. 7y = 1.5 ms, 7, = 6 ms, ¢ = ¢; =0, and
7+ 0=2.75 ms have been used in the calculations.

where 0 is the duration of a refocusing pulse in the multiple
spin-echo sequence, and 7 is the free evolution time be-
tween two consecutive refocusing pulses. The lines with
r=0.01 correspond to the sequences with very short =«
pulses. These lines show the unique rising of iDQC signal
during the free evolution periods between the pulses as
have been elucidated in Ref. [27]. For instantaneous 7 puls-
es, the iDQC signal rises as texp(—t/T>). When the dura-
tion of the m pulses becomes longer (wider shaded
regions), the transverse magnetization undergoes less free
evolution time (narrower unshaded regions). The finiteness
of the m pulses decreases the time during which the signal
can rise, so that the amplitude of the signals with longer
pulses increases less than that with instantaneous pulses.
Since the rising rates of the signal with different 6 are more
or less the same in the free evolution periods, the amount of
signal drop after passing through # finite © pulses is linear
in the pulse duration J, as shown in Fig. 3 where the rela-
tive signal (|M-| — |M|s_0)/ My is plotted as a function of .
For water, the signal also drops linearly with the number of
pulses 7. This observation will be further proved analytical-
ly in Section 6. In the situation when the pulses occupy
nearly the whole evolution period, |M4| almost undergoes

Q
=
P
(o
=

-0.01
-0.005

(IML] - ML 5_0) Mo

-0.02
G—© 2 pulse
31 pulse -0.01

-0.03 - O—© 4th pulse A

b | A=A 5thpulse [ )
-0.04 ! -0.015 |

0 0.5 1 0 0.5 1

pulse duration ratio (r)
water muscle

Fig. 3. The calculated change in the magnitude of the normalized spatially
averaged transverse magnetization as a function of the pulse duration to
pulse separation ratio r at the times just before the application of the &
pulses. (a) is for water and (b) is for muscle samples.

no free evolution and the signal stops to rise. The lines with
r=20.99 in Fig. 2 show the oscillation of the transverse
magnetization during the pulse with the envelope governed
by T, decay. This decay is clearly shown when comparing
|M4] for water and muscle in the figures. In fact we will
see later in Eq. (27) that for t =~ 0, |M]| evaluated at the
end of the nth pulse is proportional to exp(—nd/T>).

The effect of the dipolar field on |M| during the pulse
can be examined by comparing the above with the case
when the dipolar effect is excluded from the calculation
during the pulse (setting di(t) =0, i=1, ...,8). The results
are plotted as dotted lines in Fig. 2. It can be seen from the
figure that other than the disappearance of the oscillations
of | M| during the pulses, there is no change in |[M| at the
regions between the pulses, except when né ~ T, where n is
the pulse number. During the refocusing pulse, the dipolar
field effect in the first half of the pulse is reversed during the
second half of the pulse, so that the signal measured does
not reflect this effect in the pulse. However, when
¢ #0, we shall see that the measured signal does depend
on the dipolar field effect during the pulse. This will be
examined in the next section.

According to Egs. (12) and (16), the coefficients ¢3(9),
ds(9), da(0), ds(0), de(d), and d;() are at least second order
in §/T,. Thus they are very small when T3 is large and we
can ignore their corresponding interactions on M. In Fig. 2,
we plot | M| under this approximation for water and mus-
cle in dashed lines. The approximated values of |M| coin-
cide with the exact calculations (the solid lines) except for
the muscle with large r. The truncation error of ignoring
these coeflicients increases with ¢, but is still negligible when
t ~ 0.5 T,. Therefore, without missing any significant inter-
action, this approximation can be used to describe the evo-
lution picture of M.

5. Magnetization evolution for arbitrary number of
refocusing pulses

In this section, we calculate the transverse and longitudi-
nal magnetizations during the free evolution time for
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arbitrary number of refocusing pulses in the long 7> limit
(6/T, < 2m). The approximation of ignoring the interac-
tions with second- or higher-order dependence on /T, as
discussed in the end of the last section enables us to write
down the analytic form of the magnetization explicitly. In
this way one can analyze the cumulative effect of the finite-
ness of the refocusing pulses on the magnetization. More-
over the expressions show how the signal depends on the
phase of the refocusing pulses. On the other hand, we have
also calculated the transverse and longitudinal magnetiza-
tions during the refocusing pulses for arbitrary number of
pulses in the long 75 limit. However, since no measurement
is carried out during the pulses, the expressions for A dur-
ing the refocusing pulses will not be discussed in this paper.
As discussed in Section 4, we apply Eqgs. (5) and (18)
repeatedly in the multiple spin-echo sequence. Here we
ignore the interactions with nonlinear dependence on
0/ T> and keep terms to the first order of dipolar field. After
some straightforward but tedious algebra, the spatially
averaged magnetization after the nth m pulse is given by:

eFmy g

My,(t)~— 5

9 {Z V0200 (5)" "¢y (8)"F 1 (n,m)
m=0

n—1 r+(n7%)r
+i2cl(5)”*‘”%2(5)”79&<5>F2<n—1,m>}efz ,

m=0
(22a)
M., (t) =0, (22b)
with
C T n—1 P
Fi(n,m) = Z (Tz + 5) + Z(—l)Z'lq””’”c‘t(é)k] T
j=1 k=1

+(—1)’"c4(5)”t] : (23a)

ng n k
Fa(nm) = {1+ Z(l)Zu%mﬂczma)"Hrz, (23b)
=1 k=1
Kns(t) = e¥(—1)”’i(¢—2¢1)d1(t) _ ‘_3i<—1>”’i(<z>—2¢>1>a(2(t)7 (23¢)
where ¢ is the phase of the w pulses, w;=

—AypoMysin 0,exp(—1,/T>) is the frequency due to the
dipolar field, and m; = Mycos®(05/2)exp[—(t1 + 12)/T>] is
the conventional signal amplitude (i.e., G20, = —G;0;) of
the CRAZED sequence. The time ¢ in Eq. (22) is counted
from the end of the previous m pulse. Hence the time in
the middle of two successive © pulses when the signal is ac-
quired is = t/2. The function K,,,, in Eq. (23c) shows the
dipolar field effect during the pulse through the interactions
of di(¢) and d»(¢). At the end of the pulse, it can be approx-
imated as
(="

Ky (0) = s 7 sin(¢ — 2¢,). (24)

We have deliberately kept ¢;(9), ¢2(0), c4(d), d1(0), and d»()
explicit in Eqs. (22) and (23). This enables us to evaluate
the effects of different terms on the rephasing of M by the
dipolar field at different time.

According to Eq. (9), ¢1(6) and ¢,(d) associate with the
flipping of M. The power m of ¢,(6)” in Eq. (22a) shows
the number of times that M is flipped to M~ after inter-
acting with n refocusing pulses in the pulse sequence, and
the power m’ of ¢;(3)" shows the number of times that
M remains unchanged. In Eq. (23), {¢} is defined as the
set of permutations that record all the flipping orders of
M, to M+, and g,,,; is the /th element of the jth permuta-
tion with m flips and (n — m) unflips. The value of g,,,,,; = 1
when M is flipped to M= after interacting with the refo-
cusing pulse, and ¢, =0 when M, remains unchanged.
The details of the evaluation of {¢} are given in Appendix
B. Similar to the roles of ¢(0) and ¢»(9) in the case of M,
¢4(0) associates with the change of M. to —M.. Then the
power k of c4(6)* in Eq. (23) shows the number of times
that M. is flipped to —M, after interacting with n pulses
in the pulse sequence. Therefore, the terms with c4(8)* cor-
respond to the rephasing of M. by the dipolar field that
happens after the kth pulse.

5.1. Rephasing of M+ that happened during the free evolution
period

During the free evolution period between the 1 pulses,
parts of M with the unbalanced spatially dependent phase
are rephased by the dipolar field (see Eq. (18)). The first
sum of Eq. (22a) shows the rephasing process of M that
happened during the free evolution period. The first term
of Fi(n,m) corresponds to the rephasing of M, during
the free evolution period before the first refocusing pulse
of the multiple spin-echo sequence, and the remaining
terms with ¢4(8)* correspond to the rephasing of M, during
the free evolution period between the kth and the (k + 1)th
refocusing pulses of the multiple spin-echo sequence.

The amplitude of the first sum in Eq. (22a) depends on
the value of the free evolution time t between two « pulses,
and the parameters ¢ (0), (), and c4(d). When nt < 15,
the amplitude increases linearly with 7. In order to show
the amplitude dependence on the constants ¢(d), ¢»(9),
and c4(0), the first sum of Eq. (22a), together with ¢,(J)
and c4(6) (where ¢1(0) = exp(—90/T») — ¢»(d)), are plotted
in Fig. 4. Note that the first sum does not explicitly depend
on the decay factor exp(—#/T5). The decrease in its value
comes solely from the incomplete flipping of M by the refo-
cusing pulses under the 7, decay, as represented by ¢(9),
¢5(0), and c¢4(d). It can be seen in the figure that for a fixed
free evolution time 7, the amplitude of the first sum drops
by a half when 6/T> — 0.2, and reaches its maximum when
6/T>» — 0, ¢»(6) = 1 and c4(8) = —1 (see Fig. 4a and b), i.e.,
when the flippings of M to M+ and M, to —M_ are com-
plete. Finally it should be noted that when the flippings are
complete, the first sum can be reduced to the regular iDQC
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Fig. 4. The plot of (a) cx(9), (b) c4(9), (c) the magnitude of the first sum in
Eq. (22a), and (d) the magnitude of the second sum in Eq. (22a) as a
function of §/T5. Note that 7 is fixed in the above plots. Therefore, the two
sums in plots (c) and (d) show the implicit dependence on the incomplete
flipping of M due to the T, decay. Parameters used are n =4, ¢, =0,
T, =6ms, t=1/2, and T = 2.7 ms.

signal expression when the effect of finite pulse duration is
ignored [27]:

em o,
194 (1)

. "O-200 1, 4 pr)e T, (25)

M+ ~ —
where tr = (n —§)7 + ¢ is the total free evolution time in the
multiple spin-echo sequence.

5.2. Rephasing of M+ that happened during the refocusing
pulses

Beside the rephasing of M. between the refocusing puls-
es in the multiple spin-echo sequence, M_. is also rephased
by the dipolar field during the pulses. This is represented by
the second sum of Eq. (22a). In this case, M. undergoes
dipolar field interaction (K,,.(d)) during one pulse, and
interacts (n — 1) times with the rest of the pulses through
either ¢;(9) or ¢,(0). Similar to the rephasing of M. at
the time between the 7 pulses, the order k in ¢4(d)* records
the flipping history of M.. Hence the term with factor c4(6)"
indicates the rephasing of M. that happened during the
(k + 1)th pulse. It should be noted that when § — 0, the
second sum of Eq. (22a) is zero and there is no rephasing
of the iDQC signal that happened during the rf pulse.

Unlike the first sum of Eq. (22a), the amplitude of the
second sum increases significantly when the flipping of
M is incomplete (Fig. 4d). Moreover, because of the fac-
tor K,,,+(9) in the second sum, the rephasing effect that hap-
pened during the m pulses is much more sensitive to the
pulse phase difference (¢p — 2¢p;) than the rephasing effect
that happened between the pulses (Fig. 4c). From Eq.

(24), if ¢ =2¢; +mn with m=0,+1,£2, ..., the factor
K, vanishes (to the first order of §/T5), and the rephasing
effect that happened during the pulse is canceled. In con-
trast if ¢ = 2¢; + (m +1)m, K,,,,. attains its full magnitude,
and the rephasing effect becomes maximal.

In Fig. 5, we calculate the signal for water and muscle
with the phase difference ¢ — 2¢p; = 90°. The dotted lines
illustrate the situation when the dipolar field during the
pulses is excluded (d(t) =0,i=1, ... ,8). Note that the sig-
nals in the free evolution periods (the unshaded regions in
the figure) with and without considering the dipolar field
during the pulses of finite duration depart from each other,
which is in contrast to the coincidence of signals using
¢ —2¢; =0 in Fig. 2. This implies the rephasing of M.
by the dipolar field that happened during a finite pulse is
observable when ¢ — 2¢; # mmn, where m is any integer.
Moreover, we can see that the longer the rf pulses, the
stronger the influence is the dipolar field on the signal.

The normalized transverse magnetizations (|M|/M,)
for water with ¢ = 0, different phases ¢ and pulse dura-
tion ratios r are plotted in Fig. 6. We can see from the fig-
ure that when the rephasing effect by the dipolar field
during the rf pulses is not canceled (¢ # 0), the signals drop

a b

0.06 T T 0.02

| M./ Mo

0 1 1 i 1 2 1 i 0 1 1 1 ! 1 !
0 275 55 825 11 0 275 55 825 11
t (ms)

water muscle

Fig. 5. The calculated magnitude of the normalized spatially averaged
transverse magnetization against time using ¢ = 90° for (a) water and (b)
muscle. The solid lines show the evolution of |[M| with both the transverse
relaxation and the dipolar field effect taken account during the rf pulse, the
dotted lines show the evolution of |M| with the dipolar field effect during
the pulses excluded, and the dashed lines (overlapped with the solid lines)
show the linear approximation given by Egs. (22) and (23). The grey
regions depict the moment when the n pulses are applied, and the
remaining regions represent the free evolution period. The parameters
used in the calculations are t; = 1.5ms, 7, =6 ms, ¢; =0° and 7+ o=
2.75 ms.



C.K. Wong et al. | Journal of Magnetic Resonance 185 (2007) 247-258 255

a 03 — b o2 ——— c 02 ——
r=0.03 r=0.62 r=0.98
0.15F 0.15F -
—_ o
o 02F & =060
=
=~ 0.1
+
= o =0°, 45°, 60°, 90°|
¢ =0°,45°60°, 0.0}
0 | | | | 0 | | | | 0 1 1 1 1
0 20 40 60 30 0 20 40 60 30 0 20 40 60 30

t (ms)

Fig. 6. The calculated signal for water with ¢, = 0, different phases ¢ and pulse duration ratios r: (a) r = 0.03, (b) r = 0.62, and (c) r = 0.98. We have used

7y =1.5ms, 1, =6 ms, and 7t + = 2.75 ms in the calculations.

less as r increases than the case when the rephasing effect
during the rf pulses is canceled (¢ = 0).

6. Signal acquired in the multiple echo sequence

In the experiment of Ref. [28], a multiple spin echo
acquisition was used to detect the iDQC signal of water.
The phase of the first rf pulse in the CRAZED sequence
is taken as ¢; = 0, and the phase of the refocusing pulses
in the multiple spin-echo sequence is taken as ¢
=(0,180°) for alternate pulses to compensate for imperfec-
tions. The experimental results are plotted in Fig. 7 with a
comparison to the theoretical calculations without taking
the long T, approximation. Small deviations from linearity
are observed in experiment for long refocusing pulses and
large number of pulses. This is due to small phase shifts
caused by the hardware when switching between high

40

i & :‘ 0.082 ms

[ (ii) 86=0.285ms
(iii) 6 =0.540 ms

[ (iv) 8=0.830ms
(v) 8=1.325ms

| (vi) 8=1.700 ms
(vii) 8=2.100 ms
(viii) &=2.700 ms

(O]
i (i)

| (i)

(%]
(=)

- ~ | (v)

ee
v (V)
<o

. =1 D)

(vii)
\z

IM4 | (Arbitrary Unit )
[\
S

X (viii)

S

T
Ay Y

\

|

Fig. 7. The measured water signal (symbols) plotted against time with the
calculated signal (smooth curves). We have used in the calculations
¢ =0° 1, = 1.5 ms, 1, = 6 ms, pulse separation t + 6=2.75 ms, flip angle
of the refocusing pulses = 171° to simulate imperfect pulses with 5% error
in the flipping angle, ¢ =(16°,196°) for alternate refocusing pulses with
pulse duration 6 =2.7ms, and ¢ =(0° 180°) for alternate pulses with
other pulse durations. A scaling factor is used in the calculated signals in
order to compare the theory with the experiment. It is obtained by
matching the measured signal with the theoretical calculations when very
short pulse duration (82 ps in this case) is used.

amplitude and low amplitude pulses. The phase shift is
measured to be about 16°. From the discussions of Section
5, this deviation from linearity originates from the rephas-
ing of M_ by the dipolar field that happened during the
refocusing pulses. In Fig. 7, the theoretical calculations
are plotted with the effects of phase shift and pulse imper-
fection taken into account. The calculated results are in
good agreement with the experiment.

The signal for instantaneous rf pulses (line (i)) rises with
time in accordance with the regular iDQC signal expression
given by Eq. (25). The finite rf pulses only delay and short-
en the rise of the signal, as illustrated by Fig. 2. For sample
like water with very long 75, the condition né < T> is sat-
isfied even for the multiple echo acquisition with 32 pulses.
Then with ¢ = ¢, =0, the signal in Eq. (22a) can be simpli-
fied as (see Appendix C)

1 _m 0
M,,~ —Emlwd(rz +nt)e ™ (1 _ > (26)

T,
It explains the observations in Fig. 3 and in [28] that the
signal amplitude drops as a linear function of né/T> when
no <K Tz.

The monotonic increase in the signal in Fig. 7 is due to
the dominant effect of the dipolar field when the 7, of
water is long. For muscle, 75 is much shorter. When § gets
longer, the rising feature of the iDQC signal diminishes,
and the signal is dominated by 75 decay. In the case when
0 occupies almost the whole multiple spin-echo sequence,
ie., t~0, Eq. (23a) gives Fy(n,m) = Cl1,. Then with
¢ = ¢, =0, Eq. (22a) reduces to

1 nd
Mi‘n = —Emla)dfz eXp (— ?> . (27)

2

It describes the exponential decay exp(—nd/T>) of the sig-
nal with very short 7 as noted in Fig. 2 in Section 4.

7. Optimization of total acquired signal

In a multiple spin-echo sequence with N, refocusing «
pulses, the total acquired signal is proportional to S, which
is defined by the normalized sum of the magnetizations as
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Table 2

The optimal number of © pulses (V) and the corresponding free evolution
period (t = T/N, — J) that give the largest signal sum from a sequence of
total time 7= 40 ms and pulse durations § = 1 and 2 ms

Sample Optimal N, Optimal 7 (ms)
0=1ms 0=2ms d=1ms d=2ms

Water 21 10 0.9 2

Brain white matter 21 10 0.9 2

Muscle 21 11 0.9 1.6

The parameters used in the calculations are 7; = 1.5 ms, 7, = | ms, and

b1 =9=0.

Nr
S=Y M.,/ Mo, (28)
n=1

where M, is the spatially averaged magnetization at time
t = 7 after the nth refocusing pulse. In this way, the signal-
to-noise ratio (SNR) can be raised by acquiring more
echoes in a given period of time. However, in reality the
number of acquired echoes is limited by the finiteness of
the pulses.

As we have shown in Section 5, the iDQC signal rises
primarily during the free evolution time between the refo-
cusing pulses when the dipolar field effect during the refo-
cusing pulses is canceled (see Fig. 2). This implies that
when more © pulses are implemented in a given period of
time, although the number of signal acquisition increases,
the acquired signal is smaller because of the decrease in
the free evolution period. We expect therefore the existence
of an optimal number of pulses with the balance between
the number of signal acquisitions and the length of the free
evolution period that leads to the highest SNR.

We have calculated the total normalized signal S as a
function of the number of acquired echoes N, in a fixed
period of time using parameters for water, muscle [33]
and brain white matter [34]. With the multiecho acquisition
time taken as 7= 40 ms, T, of the three samples cover the
ranges T, > T, T, ~ T and T, < T. Table 2 summarizes the
optimal number of m pulses and the corresponding free
evolution period when the largest signal sum is obtained.
It is interesting to note that even though the samples span
a large range in 7T, the optimal signal in the three cases all
take place when the pulse width 0 is about half the pulse
separation (T/Ny).

It is not clear currently why optimal signal occurs at

~ 1. Yet we expect that it can be generalized to other
samples as it seems not to depend on 7. A similar relation
may exist for other iMQC signals, and possibly with differ-
ent § — 1 ratio.

8. Conclusions

We have studied the effect of the finite duration of
refocusing pulses in a multiple spin-echo sequence on
the signal formed under the influence of the dipolar field.
Our results show that for the signal that is rephased by

the dipolar field during the free evolution period, the
finiteness of the pulses only delays and shortens the rise
of the signal. As a result, signal is attenuated more in a
pulse sequence with longer refocusing pulses. In addition,
signal is also attenuated due to transverse relaxation dur-
ing the pulses. The amount of signal drop reaches 50%
when the ratio of the pulse duration to transverse relax-
ation (6/T») goes up to 0.2.

We have obtained an analytic form of M for an arbi-
trary number of refocusing pulses in the long 7> limit.
The expressions show that the signal that is rephased
between the 7w  pulses is  proportional  to
(1 = nd/T,)te ™. This explains the experimental observa-
tions that the signal rises linearly with the total free evo-
lution time ¢ and attenuates linearly with the total pulse
duration no. Moreover, the expressions suggest that there
is a dependence on the phase of the refocusing pulses in
the signal that is rephased by the dipolar field. The cal-
culated signals are in good agreement with the experi-
ment using water. It suggests that the first-order
dipolar field approximation is sufficient in treating the
problem when the coupling parameter is small, which
is satisfied in most biological tissues.

Finally, we estimated the optimal pulse sequence
parameters that can give the highest total acquired sig-
nal in the multiple spin-echo sequence of fixed duration
and different pulse widths when the dipolar field effect
is canceled during the refocusing pulses. We found that
maximum SNR is obtained when the pulse duration is
about half of the pulse separation for systems with a
large range of T, values. It is clear from these results
that with any multiecho implementation, such as a fast
spin-echo (FSE), one must carefully balance the factors:
the width of the m pulses, separation between and

number of refocusing pulses, to minimize signal
degradation.
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Appendix A. The dy7) coefficients

The coefficients dft), i=1,...,8, in Egs. (14) and (15)
are found to be:

ie_T_tz 1 . aoplt
di(t) = — 1-— h—
1() 200 {( a%) s Tz

(a(]— 1)(a0—|—3) . (ao+l)l
ap+ 1) SO
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Appendix B. The evaluation of {¢}

(A.1h)

The notation {gq} is defined as the set of permutation
that records all the flipping orders of M, to M+ after pass-
ing through # refocusing pulses. The symbol g,,,,,; is the /th
element of the jth permutation with »2’s flip and (n — m)’s
unflip, where ¢,,,; =1 when there is a flip of M, by the
refocusing pulses associated with ¢,(6), and g,,,,7 = 0 when
M. remains unchanged. Since there are C), different ways
to flip M, to M+ by m out of n pulses, there are C,, differ-
ent permuted sets in {¢}.

As an example, for (n,m) = (4,2), the first to the sixth
(C" = 6) permuted sets of {¢} = {{1,1,0,0},{1,0,1,0},{1,0,
0,1},{0,1,1,0},{0,1,0,1},{0,0,1,1}}. Then the second
element, for instance, of the third and the fifth permutated
sets are q4232 = 0 and d42,52 = 1.

Appendix C. The calculations of M. to the first order of /7,

We have deliberately kept c¢((9), ¢a(9), ca(9), di(0), and
d>(0) explicit in Egs. (22) and (23). This enables us to eval-
uate the effects of different terms on the rephasing of M by
the dipolar field at different time. By using Egs. (12) and
(16), we can further expand M, in Eq. (22a) to the first
order of §/T>. With ¢ = ¢, =0,

M, (1)
miwyqg _t+(n=1/2)c
_ e Ty
2
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where we have used

~

T
F1(n,n)=’~'z+§+

+ T
=1
n—1 n _ v
F1) (=) t} - n(‘cz +5 t) (C.3)
At t = 1/2, we have
1 _nt n5
M., ~—-maog(ts+nt)e 2(1—-—). (C4)
' 2 T2
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